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ESDU Data Items

Data Items provide validated information in engineering design and analysis for use by, or under the supervision
of, professionally qualified engineers. The data are founded on an evaluation of all the relevant information,
both published and unpublished, and are invariably supported by original work of ESDU staff engineers or
consultants. The whole process is subject to independent review for which crucial support is provided by
industrial companies, government research laboratories, universities and others from around the world through
the participation of some of their leading experts on ESDU Technical Committees. This process ensures that
the results of much valuable work (theoretical, experimental and operational), which may not be widely available
or in a readily usable form, can be communicated concisely and accurately to the engineering community.

We are constantly striving to develop new work and review data already issued. Any comments arising out of
your use of our data, or any suggestions for new topics or information that might lead to improvements, will
help us to provide a better service.

The preparation of this Data Item

The work on this particular Data Iltem was monitored and guided by the Fatigue Committee. This Committee
first met in 1955 and now has the following membership:

Chairman

Dr S.H. Spence — BAE SYSTEMS, Lancashire
Members .

Dr B.D. Chapman — Boeing Commercial Airplanes, USA
Mr K.E. Cheverton — Independent

Dr B. Crawford — DSTO, Melbourne, Australia

Mr D. Crouch — Independent

Mr D. Furfari — Airbus, Germany

Prof. P.E. Irving — Cranfield University, Bedfordshire
MrR. Mills | — Leonardo MW Ltd, Somerset

Mr M. Ofsthun — Honda Aircraft Company, USA

Mr P.M. Powell — Independent

Mr S. Walker — Jesmond Engineering Ltd, East Yorkshire.

: Corresponding Member

The Item was accepted for inclusion in the Stress and Strength Series by the Stress Analysis and Strength of
Components Committee. This Committee first met in 1964 and now has the following constitution:

Chairman

Prof. T.G.F. Gray — University of Strathclyde, Glasgow
Members

Mr J. Baghurst — Independent

Mr B. Baldursson — Aptoz, Iceland

Mr L.A. Doig* — Independent

Mr T. McCreesh — Spirit AeroSystems, Belfast

Dr N.L. Pedersen” — Technical University of Denmark, Denmark
Dr Li Xu — Lloyd’'s Register Global Technology Centre, Southampton
Mr F. Verbunt” — Honda Aircraft Company, USA

Dr C. Wallbrink — Department of Defence, Australia.

: Corresponding Member
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The ESDU Stress and Strength Series is recognised as a valuable source of validated data and methods by
the Institution of Mechanical Engineers and its Structural Technology and Materials Group is involved in
continually reassessing the scope and focus of the content of this Series.

The construction and subsequent development of the Data Iltem were undertaken by

Dr D.L. Downs — Senior Engineer.

The person with overall responsibility for the work in this subject area is Mr A.C. Quilter, Head of Strength
Analysis Group and Technical Director — Aerospace.

Confidential. © 2021 1Hs Markit® Alll This is @ preview. Click here to purchase the full publication. July 2021



https://www.normsplash.com/ESDU/115667314/ESDU-21004?src=spdf

ESDU 21004

THE STATISTICAL ANALYSIS OF FATIGUE DATA USING THE
WEIBULL DISTRIBUTION

CONTENTS
Page
1. INTRODUCTION
1.1 Notation
2. INTRODUCTION TO CONTINUOUS DISTRIBUTIONS 3
3. WEIBULL DISTRIBUTION 6
31 3-parameter Weibull Distribution 7
3.2 2-parameter Weibull Distribution 8
33 1-parameter Weibull Distribution 9
34 Reliability and the Weibull Distribution 10
3.5 Weibull Parameters 11
3.5.1 Shape Parameter 11
3.5.2 Scale Parameter 13
3.5.3 Location Parameter 14
3.6 Confidence Bounds 15
3.7 Weibull Probability Plot 17
4. USING THE WEIBULL DISTRIBUTION IN FATIGUE ANALYSIS 20
5. SOURCES OF UNCERTAINTY 21
6. DERIVATIONS 22
7. WORKED EXAMPLE 24
7.1 Example 1 24
FIGURE 7.1 25
FIGURE 7.2 26
7.2 Example 2 26
FIGURE 7.3 28
APPENDIX A 32
Al. Normal Distribution 32
A2, Log-normal Distribution 34
Confidential. © 2021 IHS Markit s - July 2021

This is a preview. Click here to purchase the full publication.



https://www.normsplash.com/ESDU/115667314/ESDU-21004?src=spdf

ESDU 21004

APPENDIX B 37
B1. The Gamma Function 37
APPENDIX C 38
Cl1. Tables of 5 and 95 Per Cent Ranks 38
Confidential. © 2021 IHS Markit e = = July 2021

This is a preview. Click here to purchase the full publication.



https://www.normsplash.com/ESDU/115667314/ESDU-21004?src=spdf

ESDU 21004

THE STATISTICAL ANALYSIS OF FATIGUE DATA USING THE
WEIBULL DISTRIBUTION

1. INTRODUCTION

This Data Item deals with and gives guidance on the use of the Weibull distribution for the analysis of
engineering data and for the prediction of fatigue failure analysis. This Data Item accompanies
ESDU 910417 and ESDU 920407,

Understanding the topic of reliability is essential in all manufacturing industries. The reliability of a part
is a measure of its quality depending on the life to the first failure or on the life between subsequent failures,
for example. Note that if a part cannot be repaired, then its life to the first failure is also its final life. The
failure life of a part can be any positive number and the distribution of failure lives is continuous and
described by measures such as the probability density function (PDF) or its cumulative distribution function
(CDF), its reliability function and its hazard function - see Section 2 for further definitions of these functions.
For failure of a part due to fatigue processes, the relevant variable is number of load cycles applied rather
than life in service (measured in hours or days), although both service life and number of fatigue cycles
may be used to carry out a reliability analysis.

Statistical distributions are fitted to empirical data derived from either laboratory fatigue tests or from
in-service reporting to estimate properties such as the reliability, the probability of failure at a specified
time and the mean life of a component. The Weibull distribution (see Derivations 1 and 2), and it use for
examining the statistical distribution of given fatigue data, is discussed in Section 3. As well as predicting
fatigue life and related confidence limits around this data, the Weibull distribution can be used to analyse
the probability of survival of a component subject to fatigue loading in-service or during testing.

Additionally, due to a volume effect (the increase in probability of identifying a critical defect in a greater
volume of highly stressed material), the Weibull weakest-link theory can be used to show that the survival
probability of a larger structure is less than that for smaller structures under the same operating conditions.
A discussion of this and a brief outline of other uses of the Weibull distribution in fatigue life analysis is
given in Section 4. In Section 5, an examination of the sources of uncertainty found when using statistical
distributions is given. Two worked examples using the Weibull distribution to determine the fatigue life
of a part are presented in Section 7.

1.1 Notation

c constant (in Equation (3.14))

c' constant (in Equation (3.15))

da/dN fatigue crack propagation rate

erf, erfc error function, complementary error function

F cumulative distribution function

F. cumulative distribution function of the ith failure

ESDU 91041, ‘The statistical analysis of data from normal distributions, with particular reference to small samples’.

T ESDU 92040, ‘An introduction to the statistical analysis of engineering data’.
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f probability density function
h hazard function
j position of a number in an array
K(n) value for calculating the confidence interval for a given sample size
MR median rank
constant

mean life, or mean number of cycles, to failure

Np reliability life, or number of cycles for a given reliability
N,p probability of failure
n sample size, number of observations
P probability
R reliability function
s sample variance
t time to failure
t; time to failure of the ith failure
X constant
X variable with a normal distribution
X a value of X
X mean value of x
Xx; ith value of x
Xp reliable life
Y constant, see Section 3.2
Y function, see Section A2
Z, critical value for a given confidence interval
Z variable with a standard normal distribution
z a value of Z
B shape parameter
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